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The radial expectation values of the probability density of a quantum system in position
and momentum spaces allow one to describe numerous physical quantities of the system
as well as to find generalized Heisenberg-like uncertainty relations and to bound entropic
uncertainty measures. It is known that the position and momentum expectation values of
the main prototype of the D-dimensional Coulomb systems, the D-dimensional hydrogenic
system, can be expressed in terms of some generalized hypergeometric functions of the type
p+1Fp(z) evaluated at unity with p = 2 and p = 3, respectively. In this work we determine
the position and momentum expectation values in the limit of large D for all hydrogenic
states from ground to very excited (Rydberg) ones in terms of the spatial dimensionality
and the hyperquantum numbers of the state under consideration. This is done by means of
two different approaches to calculate the leading term of the special functions 3F2 (1) and
5F4 (1) involved in the large D limit of the position and momentum quantities. Then, these
quantities are used to obtain the generalized Heisenberg-like and logarithmic uncertainty
relations, and some upper and lower bounds to the entropic uncertainty measures (Shannon,
Re´nyi, Tsallis) of the D-dimensional hydrogenic system.
PACS numbers: 89.70.Cf, 89.70.-a, 32.80.Ee, 31.15.-p
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dimensional quantum physics, radial and momentum expectation values, Rydberg hydrogenic states
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I. INTRODUCTION
The study of the behavior of the physical properties of a D-dimensional system in terms of D
has a rich history in quantum mechanics and quantum field theory [1–8] and, more recently, in
quantum information [9–11]. It has been observed that the physical phenomena depend on the
dimension in a delicate way. For instance, the Huyghens principle of the wave propagation holds
only when the spatial dimension is odd, while it is observed anomalous dispersion for any other
real value of D [12, 13, 15]. Moreover, it is often possible to approximate the solution of difficult
physical problems at the standard dimensionality (D = 3) by means of a Taylor-series development
of similar systems with a non-standard dimensionality in powers of 1/D. This was motivated by
the observation that physics is much simpler when D → ∞. This is true for a large variety of
quantum systems from the single-particle systems moving in a D-dimensional central potential to
more complex systems and phenomena (e.g. Casimir effects, random walks, and certain quantum
field models containing SU(D) gauge fields [2, 14, 15]) as well as for quantum state tomography
and some quantum codes and channnels [11].
Most relevant for our purposes is the development of the dimensional scaling method [3, 4] in the
theory of many-electron systems, which offer novel, powerful and useful computational strategies
for treating non-separable problems involving strong dynamical interactions [6, 7, 16–18]. This
method tipically starts with the generalization of the standard (three-dimensional) problem to a
D-dimensional one and the introduction of a suitably scaled space to remove the major, generic
D-dependence of the quantity under consideration; then, the evaluation of the scaled quantity at
a large D value, such as the limit D → ∞, is performed in a relatively “easy” way and finally
one obtains an approximation for the standard value by relating it to this large-D-value by means
of some interpolation or extrapolation procedure [3, 19]. In the pseudoclassical limit D → ∞ of
a many-electron system, which is tantamount to h → 0 and/or me → ∞ in the kinetic energy,
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3the electrons assume fixed positions relative to the nuclei and each other in the D-scaled space
[20]. The large D electronic geometry and energy correspond to the minimum of an exactly known
effective potential and can be determined from classical electrostatics for any atom or molecule. For
D finite but very large, the electrons are confined to harmonic oscillations about the fixed positions
attained in the D →∞ limit. Briefly, the large D limit of numerous physical properties of almost
all atoms with up to 100 electrons and many diatomic molecules have been numerically evaluated,
obtaining values comparable to or better than single-zeta Hartree-Fock calculations [3, 4, 18].
Despite all these efforts the large D limit of the main prototype of the Coulomb systems, the
D-dimensional hydrogenic system, poses some open problems which can be solved analytically. It
is known that the introduction of a D-dependent length scale converts the large D limit of the
associated Schro¨dinger equation into Bohr’s model [5]. On the other hand, we should keep in mind
that the D-dimensional hydrogenic system (i.e., a negatively-charged particle moving in a space
of D dimensions around a positively charged core which electromagnetically binds it in its orbit)
includes a wide variety of quantum systems, such as hydrogenic atoms and ions, exotic atoms,
antimatter atoms, excitons, qubits,. . .
Moreover, the electronic distribution of the D-dimensional hydrogenic system is known (see
next section) to have such a form that one can analytically determine its moments around the
origin (radial expectation values) in both position [21–26] and momentum [27, 28] spaces as well
as its entropic and complexity measures [29, 30]. These quantities describe and/or are closely
related to various fundamental and/or experimentally accesible quantities (e.g., the diamagnetic
susceptibility, the kinetic energy, the height peak of the Compton profile, the total electron-electron
repulsion energy,. . . ) and they characterize some position-momentum uncertainty-like relationships
of Heisenberg [31, 48] and entropic [26] types (see also [30] and references therein).
Recently the radial expectation values of the D-dimensional hydrogenic states lying at the high-
est extreme region of the energy spectrum for a fixed D were determined in both position and
momentum spaces in terms of D and the state’s hyperquantum principal and orbital quantum
numbers [33]. In this work we analytically determine these position and momentum quantities for
all quantum hydrogenic states in the large dimensionality limit. First, in Section II the known
physical solutions of the Schro¨dinger equation of the D-dimensional hydrogenic system are given
in the two conjugated spaces, as well as the associated position and momentum probability den-
sities and their corresponding radial expectation values in terms of the space dimensionality and
of the hyperquantum numbers which characterize the system’s states. We will see that the posi-
4tion and momentum expectation values are expressed in terms of some generalized hypergeometric
functions [36] of the type p+1Fp (a1, . . . , ap+1; b1, . . . , bp; z) evaluated at z = 1, with p = 2 and
p = 3, respectivley. Then, in Sections III and IV the position and momentum expectation values
of the system are evaluated in the large dimensionality limit for the ground and excited states,
respectively. Two different asymptotic approaches are developed to calculate the dominant term
of the special functions 3F2 (a1, a2, a3; b1, b2; 1) and 5F4 (a1, a2, a3, a4, a5; b1, b2, b3, b4; 1) involved in
the large D limit of the position and momentum quantities under consideration. In Section V the
position and momentum expectation values of the Rydberg (i.e., large n) hydrogenic states are
calculated in the large D limit. In Section VI, we give the uncertainty relations of Heisenberg
and logarithmic types for all the stationary states of a D-dimensional hydrogenic system at the
large-D limit, and we show that they fulfill and saturate the general inequality-type uncertainty
relations of all quantum systems. In Section VII, the position and momentum expectation values
are shown to bound the Shannon and Re´nyi entropic uncertainty measures from above, and the
Tsallis’ uncertainty measure from below. Finally, some conclusions and open problems are given.
II. THE D-DIMENSIONAL HYDROGENIC DENSITIES IN POSITION AND
MOMENTUM SPACES
In this section we briefly describe the wavefunctions of the ground and excited states of the
D-dimensional hydrogenic system and the associated electronic distribution densities in the two
conjugated position and momentum spaces, as well as the exact, compact values of their radial
and logarithmic expectation values.
A. Position space
The time-independent Schro¨dinger equation of a D-dimensional (D > 1) hydrogenic system
(i.e., an electron moving under the action of the D-dimensional Coulomb potential V (~r) = −Z
r
) is
given by (
−1
2
~∇2D −
Z
r
)
Ψ(~r) = EΨ(~r) , (1)
where ~∇D denotes the D-dimensional gradient operator, Z is the nuclear charge, and the electronic
position vector is given in hyperspherical units as ~r = (r, θ1, θ2, . . . , θD−1) ≡ (r,ΩD−1), ΩD−1 ∈
SD−1, where r ≡ |~r| ∈ [0 ; +∞) and θi ∈ [0 ; π), i < D − 1, θD−1 ≡ φ ∈ [0 ; 2π). It is assumed
5that the nucleus is located at the origin and, by convention, θD = 0 and the empty product is the
unity. Atomic units are used throughout the paper.
It is known [7, 30, 37, 38] that the energies belonging to the discrete spectrum are given by
E = − Z
2
2η2
, η = n+
D − 3
2
; n = 1, 2, 3, ..., (2)
and the associated eigenfunction can be expressed as
Ψη,l,{µ}(~r) = Rη,l(r) Yl,{µ}(ΩD−1), (3)
where (l, {µ}) ≡ (l ≡ µ1, µ2, ..., µD−1) denote the hyperquantum numbers associated to the angular
variables Ωd−1 ≡ (θ1, θ2, ..., θD−1), which may take all values consistent with the inequalities l ≡
µ1 ≥ µ2 ≥ ... ≥ |µD−1| ≡ |m| ≥ 0. The radial eigenfunction is given by
Rn,l(r) = Kn,l
( r
λ
)l
e−
r
2λL(2l+D−2)n−l−1
( r
λ
)
(4)
= Kn,l
[
ω2L+1(r˜)
r˜D−2
]1/2
L(2L+1)η−L−1(r˜)
=
(
λ−D
2η
)1/2 [
ω2L+1(r˜)
r˜D−2
]1/2
L̂(2L+1)η−L−1(r˜),
where the “grand orbital angular momentum quantum number” L and the adimensional parameter
r˜ are
L = l +
D − 3
2
, l = 0, 1, 2, . . . (5)
r˜ =
r
λ
, λ =
η
2Z
, (6)
and ωβ(x) = x
βe−x, β = 2l +D − 2, is the weight function of the Laguerre polynomials with pa-
rameter β. The symbols L(β)n (x) and L̂(β)n (x) denote the orthogonal and orthonormal, respectively,
Laguerre polynomials with respect to the weight ωβ(x) = x
βe−x on the interval [0,∞), so that
L̂(β)m (x) =
(
m!
Γ(m+ β + 1)
)1/2
L(β)m (x), (7)
and finally
Kn,l = λ
−D
2
{
(η − L− 1)!
2η(η + L)!
} 1
2
=

(
2Z
n+ D−32
)D
(n− l − 1)!
2
(
n+ D−32
)
(n+ l +D − 3)!

1
2
(8)
is the normalization constant which ensures that
∫ ∣∣Ψη,l,{µ}(~r)∣∣2 d~r = 1. The angular eigenfunctions
are the hyperspherical harmonics, Yl,{µ}(ΩD−1), defined as
Yl,{µ}(ΩD−1) = Nl,{µ}eimφ ×
D−2∏
j=1
C(αj+µj+1)µj−µj+1 (cos θj)(sin θj)µj+1
6with the normalization constant
N 2l,{µ} =
1
2π
×
D−2∏
j=1
(αj + µj)(µj − µj+1)![Γ(αj + µj+1)]2
π 21−2αj−2µj+1Γ(2αj + µj + µj+1)
,
where the symbol C(λ)n (t) denotes the Gegenbauer polynomial of degree n and parameter λ,
orthogonal on [-1,1] with respect to the weight function wν(t) = (1− t2)ν−1/2.
The quantum probability density of a D-dimensional hydrogenic stationary state (n, l, {µ}) is
the square of the absolute value of the position eigenfunction,
ρn,l,{µ}(~r) = ρn,l(r˜) |Yl,{µ}(ΩD−1)|2, (9)
where the radial part of the density is the univariate function
ρn,l(r˜) = [Rn,l(r)]2 = λ
−D
2η
ω2L+1(r˜)
r˜D−2
[L̂(2L+1)η−L−1(r˜)]2. (10)
The moments (centered at the origin) of this density function are the radial expectation values in
the position space, and can be expressed in the following compact form [23–25, 30]:
〈rα〉 =
∫
rαρn,l,{µ}(~r) d~r =
∫ ∞
0
rα+D−1ρn,l(r˜) dr
=
1
2η
( η
2Z
)α ∫ ∞
0
w2l+D−2(r˜)[L̂(2l+D−2)n−l−1 (r˜)]2 r˜α+1 dr˜ (11)
=
ηα−1
2α+1Zα
Γ(2L+ α+ 3)
Γ(2L+ 2)
× 3F2(−η + L+ 1,−α − 1, α + 2; 2L+ 2, 1; 1), (12)
which holds for α > −D−2l. Notice that these quantities are given in terms of η, L and the nuclear
charge Z. In particular, we have 〈r0〉 = 1, as well as the following values for the first few negative
and positive expectation values:
〈r−1〉 = Z
η2
, 〈r〉 = 1
2Z
[3η2 − L(L+ 1)], 〈r2〉 = η
2
2Z2
[5η2 + 1− 3L(L+ 1)], 〈r−2〉 = Z
2
η3
1
L+ 12
〈r−3〉 = Z
3
η3L(L+ 12)(L+ 1)
, 〈r−4〉 = Z4 3η
2 − L(L+ 1)
2η5(L− 12)L(L+ 12)(L+ 1)(L+ 32)
. (13)
Furthermore, the radial logarithmic values [30] are given by
〈log r〉 =
∫
(log r)ρn,l,{µ}(~r) d~r
= log
(
n+
D − 3
2
)
+
2n− 2l − 1
2n+D − 3 + ψ(n + l +D − 2)− log(2Z), (14)
7where ψ(x) ≡ Γ′(x)/Γ(x) is the digamma function [36].
Some relevant particular cases are:
• For the ground state (n = 1, l = 0) we obtain the expressions
〈rα〉 =
(
D − 1
4Z
)α Γ(D + α)
Γ(D)
; α > −D (15)
〈log r〉 = ψ(D) + log(D − 1)− 2 log 2− logZ (16)
for the radial, both conventional and logarithmic, expectation values in position space, re-
spectively.
• For Rydberg states (n≫ 1), the radial expectation values have been recently shown [33] to
be given as
〈rα〉 =
(
η2
Z
)α 2α+1 Γ(α+ 32)√
π Γ(α+ 2)
(1 + o(1)) , n→∞ (17)
with (α, l,D) uniformly bounded and α > −3/2.
B. Momentum space
In momentum space we can work out similarly the corresponding Schro¨dinger equation of
our system to find [38–40] the following expression for the momentum wavefunction of the D-
dimensional hydrogenic stationary state (n, l, {µ}):
Ψ˜(~p) =Mn,l(p)Yl,{µ}(ΩD−1), (18)
where the radial momentum wavefunction is
Mn,l(p) = Kn,l (ηp˜)
l
(1 + η2p˜2)L+2
C(L+1)η−L−1
(
1− η2p˜2
1 + η2p˜2
)
, (19)
with p˜ = p/Z, and the normalization constant
Kn,l = Z
−D
2 22L+3
[
(η − L− 1)!
2π(η + L)!
] 1
2
Γ(L+ 1)η
D+1
2 . (20)
Then, the momentum probability density is
γn,l,{µ}(~p) = |Ψ˜n,l,{µ}(~p)|2 =M2n,l(p)|Yl,{µ}(ΩD−1)|2
= K2n,l
(ηp˜)2l
(1 + η2p˜2)2L+4
[
C(L+1)η−L−1
(
1− η2p˜2
1 + η2p˜2
)]2
|Yl,{µ}(ΩD−1)|2. (21)
8The moments centered at the origin of this density function are the radial expectation values in
the momentum space, which can be expressed in the following compact form [27, 28]:
〈pα〉 =
∫
pαγn,l,{µ}(~p) d~p =
∫ ∞
0
pα+D−1M2n,l(p) dp
=
(
Z
η
)α ∫ 1
−1
wν(t)[Ĉ(ν)k (t)]2(1− t)
α
2 (1 + t)1−
α
2 dt
=
(
Z
η
)α 22ν−1k!(k + ν)
πΓ(k + 2ν)
[Γ(ν)]2
∫ 1
−1
wν(t)[C(ν)k (t)]2(1− t)
α
2 (1 + t)1−
α
2 dt (22)
=
21−2νZα
√
π
k! ηα
(k + ν)Γ(k + 2ν)Γ(ν + α+12 )Γ(ν +
3−α
2 )
Γ2(ν + 12)Γ(ν + 1)Γ(ν +
3
2)
× 5F4(−k, k + 2ν, ν, ν + α+ 1
2
, ν +
3− α
2
; 2ν, ν +
1
2
, ν + 1, ν +
3
2
; 1), (23)
which holds for α ∈ (−D − 2l,D + 2l + 2). Here the notations k = η + L + 1 = n − l − 1 and
ν = L+ 1 = l+ (D − 1)/2 have been used. Moreover, the symbol Ĉ(λ)m (t) denotes the orthonormal
Gegenbauer polynomials so that
Ĉ(λ)m (t) =
m!(m+ λ)[Γ(λ)]2
π 21−2λΓ(m+ 2λ)
C(λ)m (t). (24)
Observe again that the momentum expectation values 〈pα〉 are given in terms of η, L and the
nuclear charge Z; or, equivalently, in terms of n, l,D and Z. In particular, we have 〈p0〉 = 1, as
well as the following expectation values with negative and positive even powers:
〈p−2〉 = Z
−2
η−2
8η − 3(2L+ 1)
2L+ 1
, 〈p2〉 = Z
2
η2
, 〈p4〉 = Z
4
η4
8η − 3(2L + 1)
2L+ 1
.
〈p6〉 = Z
6
η6
(4k + 2ν + 1)(16k2 + 40νk − 4k + 4ν2 + 16ν + 15)
(2L+ 3)(2L + 1)(2L− 1) . (25)
Moreover,
〈p−β〉 = η2β+2〈pβ+2〉, β = 0, 1, 2, ... (26)
Note that the expectation values with odd integer powers are not explicitly known, except possibly
for the case p = −1, which has a somewhat complicated expression [41].
Furthermore, the logarithmic expectation values of the momentum density function are given
by
〈log p〉 =
∫
(log p)γn,l,{µ}(~p) d~p
= − log
(
n+
D − 3
2
)
+
(2l +D − 2)(2n +D − 3)
(2n +D − 3)2 − 1 − 1 + log(Z). (27)
Some relevant particular cases:
9• For the ground state one obtains
〈pα〉 =
(
2Z
D − 1
)α 2Γ(D−α2 + 1)Γ(D+α2 )
DΓ2
(
D
2
) , −D < α < D + 2 (28)
〈log p〉 = − log(D − 1) + log 2− 1
D
+ logZ (29)
for the radial (conventional and logarithmic) values in momentum space, respectively.
• For Rydberg states (n ≫ 1), it has been recently shown [33] that for (l,D) uniformly
bounded, the momentum expectation values satisfy
〈pα〉 ≃
(
Z
η
)α α−1sin(pi(α−1)/2) , −1 < α < 3, α 6= 1,2/π, α = 1 (30)
understanding by ≃ that the ratio of the left and right hand sides tends to 1 as n → ∞.
Moreover, for Rydberg states such that both n and l tend to infinity with the condition
n− l = constant, the radial momentum expectation values are given by
〈pα〉 ≃
(
Z
η
)α 1
2π
∫ 1
−1
(2−√3t)α2 (2 +√3t)1−α2√
1− t2 dt, (31)
provided that D is bounded.
III. POSITION EXPECTATION VALUES OF LARGE-D HYDROGENIC SYSTEMS
In this section we calculate the position radial and logarithmic expectation values for an arbi-
trary (but fixed) state (n, l, {µ}) of D-dimensional hydrogenic systems when D →∞. Let us first
start with the radial expectation values 〈rα〉. We claim that these quantities have the following
asymptotic expression:
〈rα〉 =
(
D2
4Z
)α(
1 +
(α+ 1)(α + 4l − 2)
2D
)(
1 +
(α+ 1)(α + 2)(n − l − 1)
D + 2l − 1
)(
1 +O
(
1
D2
))
(32)
as D →∞, which holds for α > −D − 2l. Notice that in such limit one has that
(
D2
4Z
)−α 〈rα〉 →
1. Thus, our D-dimensional hydrogenic system has a characteristic length, rchar =
D2
4Z , which
corresponds to the localization of the maximum of the ground-state probability density. Moreover,
it is the radial distance at which the effective potential attains a minimum as D →∞. Therefore,
the electron of the D-dimensional hydrogenic system behaves as it is moving in a circular orbit
with radius rchar and angular momentum D/2, experimenting quantum fluctuations from this orbit
10
vanishing as D−1/2, as it was previously noted by [22], since
∆r
〈r〉 =
(〈r2〉 − 〈r〉2)1/2
〈r〉 =
1√
D
.
For illustrative purposes, we show the rate of convergence of these large-D values to the exact ones
in Table I; see Appendix B.
Let us now prove the main result (32). We start from the general expression (11)-(12) for
the radial expectation value of the D-hydrogenic state (n, l, {µ}), which is given in terms of the
generalized hypergeometric function 3F2 evaluated at 1, and then we use the following asymptotic
expression of p+1Fp for large parameters (see [34], [35, Eq. (7.3)] or [36, Eq. (16.11.10)]):
p+1Fp (a1 + r, . . . , ak−1 + r, ak, . . . , ap+1; b1 + r, . . . , bk + r, bk+1, . . . , bp; z) =
=
m−1∑
j=0
(a1 + r)j · · · (ak−1 + r)j(ak)j · · · (ap+1)j
(b1 + r)j · · · (bk + r)j(bk+1)j · · · (bp)j
zj
j!
+O
(
1
rm
)
(33)
as r → +∞, where z is fixed, |ph(1− z)| < π, m ∈ Z+, and k can take any integer value from 1 to ?
p. We have also used the Pochhammer symbol (a)j = Γ(a + j)/Γ(a). With p = 2 and k = 1 we
obtain the following asymptotics for the 3F2 hypergeometric function of our interest:
3F2 (a1, a2, a3; b1 + r, b2; z) =
m−1∑
j=0
(a1)j(a2)j(a3)j
(b1 + r)j(b2)j
zj
j!
+O
(
1
rm
)
(34)
Applying this expression in (12) with z = 1 and r = D, one has
3F2 (−n+ l + 1,−α − 1, α + 2; 2l − 1 +D, 1; 1) =
m−1∑
j=0
(−n+ l + 1)j(−α− 1)j(α+ 2)j
(2l − 1 +D)j(1)j
1
j!
+O
(
1
Dm
)
,
(35)
which, when D → +∞, yields for m = 2 the asymptotics
3F2 (−n+ l + 1,−α− 1, α+ 2; 2l − 1 +D, 1; 1) = 1+ (α+ 1)(α + 2)(n − l − 1)
2l − 1 +D +O
(
1
D2
)
. (36)
Now, by taking into account Eq. (12) together with (36) and the following asymptotics of the ratio
(see e.g.,[36, Eq. (5.11.12)])
Γ(D + 2l + α)
Γ(D + 2l − 1) = D
1+α
(
1 +
(α+ 1)(α + 4l − 2)
2D
+O
(
1
D2
))
, (37)
we have
〈rα〉 =
(
D2
4Z
)α(
1 +
(α+ 1)(α + 4l − 2)
2D
)(
1 +
(α+ 1)(α + 2)(n − l − 1)
D + 2l − 1
)(
1 +O
(
1
D2
))
=
(
D2
4Z
)α(
1 +
(α+ 1)(α + 4l − 2)
2D
)(
1 +
(α+ 1)(α + 2)(n − l − 1)
D
)(
1 +O
(
1
D2
))
,
(38)
11
which gives the expression (32).
Now, let us explore the behavior of the logarithmic expectation value (14) of the D-dimensional
hydrogenic system for large D. Taking into account that ψ(z) = log z − 12z + O
(
1
z2
)
for z → ∞
(see e.g., [36, Eq. (25.16.3)]) and log(a+ bz) = log(bz)+ abz +O
(
1
z2
)
for z →∞, one has from (14)
that
〈log r〉 = 2 logD − log(4Z) + 5n− l −
13
2
D
+O
(
1
D
)
. (39)
Finally, for circular states (l = n− 1) one has that the position and logarithmic expectation values
given by (32) and (39), respectively, reduce to
〈rα〉cs =
(
D2
4Z
)α [
1 +
(α+ 1)(4n + α− 6)
2D
](
1 +O
(
1
D2
))
(40)
and
〈log r〉cs =
4n − 112
D
+ 2 logD − log(4Z) +O
(
1
D
)
, (41)
respectively. Moreover, from these expressions we can easily obtain the position and logarithmic
expectation values for the ground state (n = 1) of the D-dimensional hydrogenic system at large
D.
IV. MOMENTUM EXPECTATION VALUES OF LARGE-D HYDROGENIC SYSTEMS
In this section we calculate the momentum radial and logarithmic expectation values for an
arbitrary (but fixed) state (n, l, {µ}) of D-dimensional hydrogenic systems when D → ∞. First,
let us consider the momentum expectation values 〈pα〉. We claim that these quantities have the
following asymptotic expression:
〈pα〉 =
(
Z
n+ D−32
)α(
1 +
α(α− 2)(2n − 2l − 1)
2D
+O(D−2)
)
=
(
2Z
D
)α(
1 +
α(α − 2)(2n − 2l − 1)
2D
+O(D−2)
)
(42)
as D → ∞, which holds for α ∈ (−D − 2l,D + 2l + 2). Notice that in such limit one has that(
D2
4Z
)−α 〈pα〉 → 1. Thus, our D-dimensional hydrogenic system has a characteristic momentum,
pchar =
D2
4Z , which corresponds to the localization of the maximum of the ground-state probability
density in momentum space. Moreover, it gives the velocity at which the electron of our system
moves in the circular orbit defined in the previous section as D → ∞. For illustrative purposes,
12
we show the rate of convergence of these large-D values to the exact ones in Table I; see Appendix B.
Let us now prove the main result (42). We start from the general expression (22). Then, using
the definition of the hypergeometric function and the duplication formula of the gamma function
(see e.g., [36]), we can rewrite (22) as
〈pα〉 η
α
Zα
=
2
k!
(k + ν)Γ(k + 2ν)
Γ(2ν + 1)
Γ(ν + α+12 )Γ(ν +
3−α
2 )
Γ(ν + 12)Γ(ν +
3
2 )
×
k∑
j=0
(−1)j
(
k
j
)
(k + 2ν)j(ν)j(ν +
α+1
2 )j(ν +
3−α
2 )j
(2ν)j(ν + 1)j(ν +
1
2)j(ν +
3
2)j
(43)
We want to determine the asymptotics of this quantity in the D →∞ limit when n and l are fixed.
Since k = n − l − 1 and ν = l + (D − 1)/2, one realizes that we have to compute the asymptotics
of (43) when ν → ∞ and k is fixed. To begin with, we take into account the following identities
for the Pochhammer symbols
(2ν + k)j
(2ν)j
=
(2ν + j)j
(2ν)j
,
(ν)j
(ν + 1)j
=
ν
ν + j
(44)
in Eq. (43), so that we can rewrite it as follows
〈pα〉 η
α
Zα
=
2
k!
(k + ν)Γ(k + 2ν)
Γ(2ν + 1)
Γ(ν + α+12 )Γ(ν +
3−α
2 )
Γ(ν + 12 )Γ(ν +
3
2)
fk(ν) (45)
with
fk(ν) =
1
(2ν)k
k∑
j=0
(−1)j
(
k
j
)
(2ν + j)k dj , (46)
where
dj ≡ dj(ν) = ν
ν + j
(ν + α+12 )j(ν +
3−α
2 )j
(ν + 12 )j(ν +
3
2)j
. (47)
In order to find the asymptotics of (45) we take into account that, as ν → +∞,
2
(k + ν)Γ(k + 2ν)
Γ(2ν + 1)
= (2ν)k
(
1 +
k(k + 3)
4ν
+ o(1/ν)
)
. (48)
and
Γ(ν + α+12 )Γ(ν +
3−α
2 )
Γ(ν + 12)Γ(ν +
3
2 )
= 1 +
α(α− 2)
4ν
+ o(1/ν), (49)
so that it only remains to obtain the asymptotics of fk(ν) defined in (46). This is the most difficult
issue, which is explicitly solved in Appendix A where we have found the first two terms of the
asymptotics:
fk(ν) =
k!
(2ν)k
(
1− k(k + 3 + 2α(2 − α))
4ν
+O
(
1
ν2
))
. (50)
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Then, inserting (48), (49) and (50) in (45) we get
〈pα〉 = Z
α
ηα
(
1 +
α(α − 2)(2k + 1)
4ν
+ o(1/ν)
)
, ν → +∞. (51)
From this expression and taking into account that η = n+D−32 and ν = l+
D−1
2 , one can obtain the
asymptotics (42) at the limit D →∞ for the momentum expectation values of the D-dimensional
hydrogenic system. It is worth mentioning that the method (see Appendix A) admits further
refinement to obtain next terms of the asymptotic expansion of 〈pα〉.
Now let us consider the momentum logarithmic expectation value 〈log p〉. From the general
expression (27) one has this quantity in the large D limit is given by
〈log p〉 = −4n− 2l − 4
D
− logD + log(2Z) +O
(
1
D2
)
. (52)
Finally, for the circular states (l = n − 1) the general expressions (42) and (52) supply the
following momentum radial and logarithmic expectation values
〈pα〉cs =
(
2Z
D
)α(
1 +
α(α − 2)(2n − 1)
2D
+O(D−2)
)
, (53)
and
〈log p〉cs = − 1
D
− log
(
D
2
)
+ log(Z) +O
(
1
D2
)
, (54)
respectively. Moreover, from these expressions we can obtain the position and logarithmic expec-
tation values for the ground state (n = 1) of the D-dimensional hydrogenic system at the D →∞
limit.
V. EXPECTATION VALUES OF LARGE-D FOR RYDBERG HYDROGENIC STATES
In this section we compute the radial expectation values in position and momentum spaces
for D-dimensional Rydberg hydrogenic states (n, l, {µ}) when D ≫ 1 and n ≫ 1, being (l, {µ})
uniformly bounded. The final expressions are Eqs. (68) and (83) in the two reciprocal spaces,
respectively.
A. Position space
We begin with the expression (11) of the position expectation value of an arbitrary D-
dimensional hydrogenic state characterized by the hyperquantum numbers (n, l, {µ}),
2η
(
2Z
η
)α
〈rα〉 =
∫ ∞
0
wν(t)[L̂(ν)k (t)]2tα+1 dt, (55)
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with k = n− l − 1 and ν = 2l +D − 2. This integral converges for all values of α > −2l −D. For
convenience we make the linear change t = kx, so that we can rewrite the previous expression as
2η
(
2Z
η
)α
〈rα〉 = kα+1
∫ ∞
0
xνe−kx[Lˆ(ν)k (x)]2xα+1 dx, (56)
where the polynomial
Lˆ(ν)k (x) ≡ k
ν+1
2 L̂(ν)k (kx) (57)
is orthonormal on [0,+∞) with respect to the weight xνe−kx. We want to determine its asymptotics
when n and D tend simultaneously to infinity and l is uniformly bounded; that is, when both k
and ν tend to infinity simultaneously. So, limn→+∞
l
n = 0 and we assume that
lim
k→+∞
ν
k
= λ ∈ (0 +∞). (58)
In this situation, polynomials Lˆ(ν)k (x) given by (57) are orthogonal with respect to a varying weight,
i.e. a weight which depends on the degree k in the form
wk(x) = x
αke−βkx with αk = ν and βk = k. (59)
It is a known fact (see [42, Chap. 7], also [33]) that the modified Laguerre function converges in
the weak-* sense, as k →∞:
[Lˆ(ν)k,k(x)]2wk(x)dx→ dµ1(x) :=
1
π
√
(x− a)(b− x)
x
dx, a < x < b, (60)
where µ1 is the equilibrium measure on R+ in the external field
φ(x) = −λ
2
log x+
x
2
; (61)
it is supported on the interval [a, b] given explicitly by
a = aλ = λ+ 1−
√
1 + 2λ, b = bλ = λ+ 1 +
√
1 + 2λ. (62)
Thus,
lim
k→+∞
∫ ∞
0
xνe−kx[Lˆ(ν)k,k(x)]2xα+1 dx =
1
π
∫ bλ
aλ
xα
√
(x− aλ)(bλ − x) dx. (63)
With the change of variable z = x−aλbλ−aλ we get
lim
k→+∞
∫ ∞
0
xνe−kx[Lˆ(ν)k,k(x)]2xα+1 dx =
aαλ(bλ − aλ)2
π
∫ 1
0
(
1 + z
bλ − aλ
aλ
)α
z
1
2 (1− z) 12 dz
=
aαλ(bλ − aλ)2
8
2F1
(
−α, 3
2
; 3;
aλ − bλ
aλ
)
, (64)
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where we have used the integral representation of the 2F1,
2F1(a, b; c; z) =
Γ(c)
Γ(c− b)Γ(b)
∫ 1
0
tb−1(1− t)c−b−1(1− zt)−a dt. (65)
by equation (56) we obtain
lim
k→∞
2η
(
2Z
η
)
〈rα〉 = k
α+1aαλ(bλ − aλ)2
8
2F1
(
−α, 3
2
; 3;
aλ − bλ
aλ
)
. (66)
Then, for k → +∞ and ν → +∞ satisfying (58) we finally get
〈rα〉 = 1
2η
( η
2Z
)α kα+1aαλ(bλ − aλ)2
8
2F1
(
−α, 3
2
; 3;
aλ − bλ
aλ
)
(1 + o(1)) (67)
=
(2n +D)α−1nα+1
22α+3Zα
aα(bλ − aλ)2 2F1
(
−α, 3
2
; 3;
aλ − bλ
aλ
)
(1 + o(1)), (68)
where in the second equality we have considered the approximations k = n − l − 1 ≃ n and
η = n+ D−32 ≃ n+ D2 .
B. Momentum space
We turn to the general expression (22) of the momentum expectation values 〈pα〉 of a generic
D-dimensional hydrogenic state. Our aim is to determine the asymptotics of 〈pα〉 when n and D
tend simultaneously to infinity and for l uniformly bounded; that is, when both k and ν tend to
infinity simultaneously and satisfy the condition (58).
For convenience we rewrite (22) as
〈pα〉 = Zα
(
2
2n+D − 3
)α ∫ 1
−1
(1− t)α/2(1 + t)1−α/2[G(ν)k (t)]2cνwν(t) dt, (69)
where the factor cν is given by
cν =
Γ(ν + 1)√
π Γ(ν + 1/2)
(70)
so that ∫ 1
−1
cνw
ν(t) dt = 1. (71)
The appropriately normalized Gegenbauer polynomials,
G
(ν)
k (x) =
(
k!(k + ν)Γ(2ν)
νΓ(k + 2ν)
)1/2
C(ν)k (x), (72)
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are orthonormal with respect to the unit weight cνw
ν(x), and exhibit the following weak-* asymp-
totics:
[G
(ν)
k (x)]
2cνw
ν(x) dx −→ 1
π
dx√
1− x2 , k →∞. (73)
Since ν, k → +∞ with the condition (58) satisfied, and
lim
k→+∞
− log(cνwν(x))
2k
=
λ
2
log
1
1− x2 , x ∈ (−1, 1), (74)
one has [33] that the weak-* asymptotics of the orthonormal Gegenbauer polynomials G
(ν)
k (x) is
given by
[G
(ν)
k (x)]
2cνw
ν(x) dx −→ dµ2(x), k →∞, (75)
on [−1, 1], where µ2 is the probability equilibrium measure on [−1, 1] in the external field
φ(x) =
λ
2
log
1
1− x2 , x ∈ (−1, 1), (76)
created by two charges of size λ/2 fixed at ±1. The expression of µ2 is well-known (cf. [42],
Examples IV.1.17 and IV.5.2). It is supported on [−ξλ, ξλ], with
ξλ =
√
λ+ 1/4
λ+ 1/2
> 0, (77)
and
µ′2(x) =
 1+2λpi
√
ξ2
λ
−x2
1−x2
if |x| ≤ ξλ,
0 otherwise.
(78)
Hence, we have
lim
k→∞
∫ 1
−1
(1− t)α/2(1 + t)1−α/2[G(ν)k (x)]2cνwν(t) dt = limk→∞
Γ(ν + 1)√
πΓ(ν + 1/2)
k!(k + ν)Γ(2ν)
ν Γ(k + 2ν)
×
∫ 1
−1
(1 − t)α/2(1 + t)1−α/2[C(ν)k (x)]2wν(t) dt
=
1 + 2λ
π
∫ ξλ
−ξλ
(1− t)−1+α/2(1 + t)−α/2
√
ξ2λ − t2 dt.
(79)
From [36] we know that for Re(λ) > 0,Re(µ) > 0, one has∫ 1
0
xλ−1(1− x)µ−1(1− ux)−ρ(1− vx)−σ dx = B(µ, λ)F1(λ, ρ, σ, λ + µ;u, v), (80)
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where B(x, y) = Γ(x)Γ(y)/Γ(x + y) is the Euler beta function, while the Appel’s hypergeometric
function F1(x, y) is defined for |x| < 1, |y| < 1 as
F1(α, β, β
′, γ;x, y) =
∞∑
m=0
∞∑
n=0
(α)m+n(β)m(β
′)n
(γ)m+nm!n!
xm yn, (81)
and extended analytically elsewhere. Since since B(3/2, 3/2) = π/8,∫ ξλ
−ξλ
(1− t)−1+α/2(1 + t)−α/2
√
ξ2λ − t2 dt = 4ξ2λ(1− ξλ)−1
×
∫ 1
0
(
1− 2ξλ
1 + ξλ
x
)−1+α/2(
1− −2ξλ
1 + ξλ
x
)−α/2
x1/2
√
1− x dx
=
π
8
F1
(
3
2
, 1− α
2
,
α
2
, 3;
2ξλ
1 + ξλ
,
−2ξλ
1 + ξλ
)
. (82)
Thus, substituting in (22), we get that for k → +∞ and ν → +∞ (i.e. when n and D tend to
infinity) satisfying limk→+∞
ν
k = λ ∈ (0 +∞),
〈pα〉 = Zα
(
2
2n +D − 3
)α 1 + 2λ
8
F1
(
3
2
, 1− α
2
,
α
2
, 3;
2ξλ
1 + ξλ
,
−2ξλ
1 + ξλ
)(
Γ(1 + (D − 1)/2)
Γ(ν)
)2
(1 + o(1)),
where ν = 2l +D − 2.
VI. UNCERTAINTY RELATIONS AT THE PSEUDOCLASSICAL LIMIT
In this section we study the uncertainty relations of Heisenberg and logarithmic types for the
stationary states of a D-dimensional hydrogenic system at the pseudoclassical large-D limit, and
we illustrate that they fulfill the inequality-type uncertainty relations of both a general quantum
system and a system with a central potential. Let us advance that the Heisenberg-like uncertainty
relation [43]
〈r2〉〈p2〉 ≥ D
2
4
, (83)
and the logarithmic-type uncertainty relation [44]
〈log r〉+ 〈log p〉 ≥ ψ
(
D
4
)
+ log 2; l = 0, 1, 2, . . . (84)
are fulfilled for all stationary states of generalD-dimensional quantum systems. Moreover, when the
quantum-mechanical potential of the system is spherically symmetric, these uncertainty relations
can be refined [46] as
〈r2〉〈p2〉 ≥
(
L+
3
2
)2
=
(
D
2
+ l
)2
(85)
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and [44]
〈log r〉+ 〈log p〉 ≥ ψ
(
D + 2l
4
)
+ log 2; l = 0, 1, 2, . . . (86)
respectively.
A. Heisenberg-like relations
Taking into account the results of Section I, we have that the generalized Heisenberg-like un-
certainty product 〈rα〉〈pβ〉 of the D-dimensional hydrogenic system is given by
〈rα〉〈pβ〉 = 2Z
kηα−k−1Γ
(
1
2 (D − k + 2) + l
)
Γ
(
D+k
2 + l
)
Γ(D + 2l + α)Γ(D + l + n− 2)[
Γ
(
D
2 + l
)]2
Γ(D + 2l − 1)Γ(D + 2l + 1)Γ(n − l)
× 3F2(l − n+ 1,−α− 1, α + 2; 1,D + 2l − 1; 1)
× 5F4
(
D − 1
2
+ l,
1
2
(D − k + 2) + l, D + k
2
+ l, l − n+ 1,D + l + n− 2
;
D
2
+ l,
D + 1
2
+ l,
D
2
+ l + 1,D + 2l − 1; 1
)
, (87)
which holds for α > −D − 2l and β ∈ (−D − 2l,D + 2l + 2). Here again the notations k = ?
η +L+ 1 = n− l− 1 and ν = L+ 1 = l+ (D − 1)/2 have been used. Note that for for α = β, the
corresponding generalized uncertainty product 〈rα〉〈pα〉 can be simplified further and, moreover, it
does not depend on the nuclear charge Z as one would expect. For the particular case α = β = 2
this expression provides the following Heisenberg uncertainty product
〈r2〉〈p2〉 = D
2
4
{
1 +
1
D
(10n − 6l − 9) + 1
D2
[10n(n − 3)− 6l(l − 2) + 20]
}
, (88)
which fulfills not only the general uncertainty relation (83) but also the refined uncertainty relation
(85), as it should. Note that for the ground state we have the exact uncertainty relationship
〈r2〉gs〈p2〉gs = D
2
4
(
1 +
1
D
)
What happens at the pseudoclassical large-D limit? Taking into account (32) and (42), one
has the following expression for the generalized Heisenberg-like uncertainty product of a general
hydrogenic state (n, l, {µ}) at the large-D limit:
〈rα〉〈pβ〉 =
(
D2
4Z
)α(
D
2Z
)−β (
1 +
(α+ 1)(α+ 4l − 2)
2D
)(
1 +
(α+ 1)(α + 2)(n − l − 1)
D
)
×
(
1 +
(β − 2)β(2n − 2l − 1)
2D
)
(1 + o(1)) , (89)
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which holds for α > −D − 2l and β ∈ (−D − 2l,D + 2l + 2).
Particular case: for circular hydrogenic states (n, n− 1, {n − 1}) one obtains
〈rα〉cs〈pβ〉cs =
(
D2
4Z
)α(
D
2Z
)−β (
1 +
(α+ 1)(4n − 6)
2D
)(
1 +
β(β − 2)
2D
)
(1 + o(1)) , (90)
which for α = β = 2 gives
〈r2〉cs〈p2〉cs = D
2
4
[
1 +
6(n− 1)
D
]
(1 + o(1)) . (91)
Then, for the ground state (n = 1) we have that 〈r2〉gs〈p2〉gs = D24 , so obtaining the equality in
the general Heisenberg lower bounds given by (83) and (85).
B. Logarithmic relations
The logarithmic uncertainty relation of a D-dimensional hydrogenic system has the form
〈log r〉+ 〈log p〉 = 2n− 2l − 1
2n+D − 3 +
(2n +D − 3)(2l +D − 2)
(2n+D − 3)2 − 1 − log 2− 1 + ψ(n+ 1 +D − 2),
where k = n − l − 1 and ν = L + 1 = l + D−12 . Note again that this uncertainty relation
does not depend on the nuclear charge, as one could expect. Taking into account again that [36]
ψ(z) = log z− 12z + o(1/z) for z →∞, one finds that at the large-D limit, this relation gets refined
as
〈log r〉+ 〈log p〉 = log D
2
+
n+ l − 52
D
+O
(
1
D2
)
. (92)
Particular case: for the circular hydrogenic states which have l = n− 1, one has that
〈log r〉cs + 〈log p〉cs = log D
2
+
2n − 72
D
+O
(
1
D2
)
, (93)
so that for the ground state (n = 1) one obtains
〈log r〉gs + 〈log p〉gs = log D
2
− 3
2D
+O
(
1
D2
)
,
which saturates the general uncertainty inequalities (84) and (86).
Let us finally highlight that the general uncertainty inequalities of the D-dimensional quantum
systems (83)-(86) saturate, i.e. become uncertainty equalities, for the D-dimensional hydrogenic
atom.
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VII. BOUNDS ON ENTROPIC UNCERTAINTY MEASURES AT LARGE D
The Shannon and Re´nyi entropies of general D-dimensional quantum systems not only describe
numerous fundamental quantities of these systems but also characterize most appropriately uncer-
tainty measures, both in position and momentum spaces. However, they cannot be computed in
a closed form for the stationary states of the system, except for those lying at the two extremes
of the associated energetic spectrum (particularly the ground state and the Rydberg states) of the
hydrogenic [30, 38, 47, 48] and oscillator-like [49, 50] systems.
In this section we obtain upper bounds on the Shannon [51] and Re´nyi [52] entropies and lower
bounds on the Tsallis entropy [53] of arbitrary stationary states of the D-dimensional hydrogenic
states at the large D limit in terms of D and the states’ hyperquantum numbers. The hydrogenic
Shannon, Re´nyi and Tsallis entropies are defined by the following logarithmic and power functionals
of the electron probability density ρ(~r) ≡ ρn,l,{µ}(~r) :
S[ρ] := −
∫
RD
ρ(~r) log ρ(~r)d~r, (94)
Rq[ρ] :=
1
1− q logWq[ρ] =
1
1− q log
∫
RD
[ρ(~r)]q d~r, (95)
and
Tq[ρ] :=
1
q − 1 [1−Wq[ρ]] =
1
q − 1
{
1−
∫
RD
[ρ(~r)]q d~r
}
(96)
respectively, where ρ(~r) is given by (9) and q > 0, q 6= 1. Notice that when q → 1, both Re´nyi and
Tsallis entropies reduce to Shannon entropy.
A. Upper bounds
It is known [55] that the the Shannon entropy of general quantum systems have the following
upper bounds, valid for all α > 0,
S[ρ] ≤ A0(α,D) + D
α
log 〈rα〉, (97)
with
A0(α,D) =
D
α
+ log
[
2π
D
2
α
( α
D
)D
α Γ(
D
α )
Γ(D2 )
]
. (98)
The Re´nyi entropy Rq[ρ] can be bounded from above in terms of 〈rα〉, with α ∈ N, by
Rq[ρ] ≤ 1
1− q log
{
L1(q, α,D) 〈rα〉−
D
α
(q−1)
}
(99)
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and in terms of 〈r−α〉, with α ∈ N, but subject to the condition α < Dq (q − 1), by
Rq[ρ] ≤ 1
1− q log
{
L2(q, α,D)
〈
r−α
〉−D
α
(q−1)
}
. (100)
Functions Li (q, α,D), i = 1, 2, have an explicit expression,
L1 (q, α,D) =
qα
D(q − 1) + αq

αΓ (D/2)
[
D(q−1)
D(q−1)+αq
]D
α
2π
D
2 B
(
q
q−1 ,
D
α
)

q−1
(101)
and
L2 (q, α,D) =
qα
D(q − 1)− αq

αΓ (D/2)
[
D(q−1)−αq
D(q−1)
]D
α
2π
D
2 B
(
D
α − 1q−1 , qq−1
)

q−1
. (102)
To derive these upper bounds we have used the variational bounds [54] on the entropic moments
Wα[ρ] with a single expectation value 〈rα〉 as constraint. At the pseudoclassical limit we have that ?
A0(α,D) = −D − 1
2
log
D
2
+ log(πe)
D
2
− 1
2
log
D
α
+ log
2
α
+ o(1), (103)
where we have used the asymptotic expansion [36] log Γ(z) =
(
z − 12
)
log z− z+ 12 log 2π+ o(1) for
z →∞, and ?
D
α
log〈rα〉 ∼ 2D log D
2
−D logZ + D
α
A1(α,D), (104)
where the term A1(α,D) is given by
A1(α,D) = log
[(
1 +
(α+ 1)(α + 4l − 2)
2D
)(
1 +
(α+ 1)(α + 2)(n − l − 1)
D
)]
(105)
and tends to 0 as D → ∞. These asymptotic approximations allow us to write the following
inequalities for the radial Shannon entropy ?
S[ρ] . A2(α,D) +
D
α
A1(α,D) −D logZ + log 2
α
, (106)
where
A2(α,D) = 3D logD + log
(πe
8
) D
2
+
1
2
log
α
2
. (107)
Rearranging all terms in (106) and (107) we can write the asymptotics of the upper bound for the
Shannon entropy as
S[ρ] . 3D logD +
[
log
(πe
8
) 1
2 − logZ + 1
α
A1(α,D)
]
D − 1
2
log
α
2
, (108)
22
at the large D limit. Operating in a similar way for the radial Re´nyi entropy at the large-D limit
we find from (99) that
Rq[ρ] .
1
1− q logL1(q, α,D) + 2D log
D
2
−D logZ + D
α
A1(α,D)
.
3D − 1
2
logD +
[
log
(πe
8
) 1
2 − logZ + 1
α
A1(α,D)
]
D +
1
1− qA3(q), (109)
where
A3(q) = log
q
q − 1 + (1− q) log Γ
(
q
q − 1
)
+
1− q
2
log
2
π
.
Since logL1 = logL2 as D → ∞, we obtain a similar expression for the lower bound in (100) by
just changing A1(α,D) to A1(−α,D).
B. Lower bounds
We know from [56, Eqs. (1.49) and (1.50)] that the following inequalities for the Tsallis entropy
hold: in terms of 〈rα〉 with α ∈ N,
1 + (1− q)Tq [ρ] ≥ L1 (q, α,D) 〈rα〉−
D
α
(q−1) (110)
and in terms of 〈r−α〉 with α ∈ N and for α < −D(q−1)q ,
1 + (1− q)Tq [ρ] ≥ L2 (q, α,D)
〈
r−α
〉−D
α
(q−1)
. (111)
The functions Li (q, α,D) are defined in Eqs. (101) and (102), respectively. Operating as in the
previous subsection we find in the limit D →∞ the following asymptotic lower bounds:
1 + (1− q)Tp[ρ] & A5(α,D)A1(α,D)−Dα (q−1) (112)
and
1 + (1− q)Tp[ρ] & A5(α,D)A1(−α,D)−Dα (q−1), (113)
where
A5(α,D) =
q
q − 1
[
D3D−1
23D+2πD+1Z2D
] 1−q
2 e(1−q)
D
2
αq
Γ
(
q
q − 1
)1−q
. (114)
Finally, let us comment that expressions similar to the inequalities (97), (99), (100), (112) and
(113) for the position Shannon, Re´nyi and Tsallis entropies given by (94)-(97) are also valid for
the corresponding quantities in the momentum space.
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VIII. CONCLUSIONS
The main prototype of the D-dimensional Coulomb many-body systems, the D-dimensional
hydrogenic system, is investigated by means of the radial expectation values in both position and
momentum spaces. These expectation values, which characterize numerous fundamental and/or
experimentally accesibles quantities of the system (e.g., kinetic and repulsion energies, diamagnetic
susceptibility,. . . ) and describe generalized Heisenberg-like uncertainty measures, are calculated
for all quantum states of the system at the (pseudoclassical) large D limit. Then, the uncertainty
equality-type relations associated to them are determined, and show that they fulfill and saturate
the known uncertainty inequality-type relations for both general quantum systems and for those
systems with a quantum-mechanical spherically symmetric potential. Moreover, the position and
momentum expectation values are used to bound the entropic uncertainty measures of the Shannon,
Re´nyi and Tsallis types at large D. Finally, let us point out an open problem which is important
per se: the determination of these three entropies at this pseudoclassical limit for all quantum
D-dimensional hydrogenic states, which is left for future work.
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Appendix A: Asymptotics of fk(ν)
Here obtain in full detail the asymptotics of the quantities fk(ν) defined in Eq. (46); that is,
fk(ν) =
1
(2ν)k
k∑
j=0
(−1)j
(
k
j
)
(2ν + j)k dj (A1)
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where
dj ≡ dj(ν) = ν
ν + j
(ν + α+12 )j(ν +
3−α
2 )j
(ν + 12)j(ν +
3
2)j
=
ν
ν + j
j∏
i=1
(
1− p
(ν + i+ 12)(ν + i− 12)
)
, (A2)
and p ≡ p(α) = 14α(α − 2). We first establish two technical results (Lemma 1 and Proposition
1), which allow us to express the quantities fk(ν) in terms of the backward-difference operator
∇dk = dk − dk−1. Then, we derive the asymptotic expansions of dk and ∇idk by means of Lemma
2 and Corollary 1, respectively. Finally, the Corollary 2 yields the wanted asymptotics of fk(ν) at
large D.
Lemma 1. For 0 ≤ j ≤ k,
(a+ j)k
(a)k
= k!
j∑
i=0
(
j
i
)
1
(k − i)!(ai) .
Proof. Since
(a+ j)k
(a)k
=
(a+ k)j
(a)j
, (A3)
the identity
(a+ b)k =
k∑
i=0
(−1)i
(
k
i
)
(a+ i)k−i(−b)i
yields
(a+ k)j
(a)j
=
j∑
i=0
(
j
i
)
k!
(k − i)!
(a+ i)j−i
(a)j
= k!
j∑
i=0
1
(k − i)!(a)i ,
where we have used that (a+ i)j−i =
(a)j
(a)i
. 
Proposition 1. For fk(ν) given in (46) we have that it can be rewritten in the form
fk(ν) = (−1)kk!
k∑
i=0
(
k
i
) ∇idk
i!(2ν)k−i
, (A4)
where ∇ denotes the operator of backward difference, i.e.,
∇dk = dk − dk−1, ∇n+1dk = ∇(∇ndk).
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Proof. By Lemma 1 we have
fk(ν) =
k∑
j=0
(−1)j
(
k
j
)
dj
(2ν + j)k
(2ν)k
=
k∑
j=0
(−1)j
(
k
j
)
dj
(
k!
j∑
i=0
(
j
i
)
1
(k − i)!(2ν)i
)
= k!
k∑
j=0
j∑
i=0
(−1)j
(
k
j
)(
j
i
)
dj
1
(k − i)!(2ν)i
= k!
k∑
i=0
k∑
j=i
(−1)j
(
k
j
)(
j
i
)
dj
1
(k − i)!(2ν)i
= k!
k∑
i=0
k−i∑
j=0
(−1)j+i
(
k
j + i
)(
j + i
i
)
dj+i
1
(k − i)!(2ν)i .
Since (
k
j + i
)(
j + i
i
)
=
(
k − i
j
)(
k
i
)
,
we obtain
fk(ν) = k!
k∑
i=0
(
k
i
)
1
(k − i)!(2ν)i
k−i∑
j=0
(−1)j
(
k − i
j
)
dj+i
 .
It remains to observe that
n∑
j=0
(−1)j
(
n
j
)
dk−j = ∇ndk, n = 0, . . . , k,
so that
k−i∑
j=0
(−1)j
(
k − i
j
)
dj+i = (−1)k−i∇k−idk. 
Lemma 2. The asymptotic expansion of dk = dk(ν) is given by
dk = dk(ν) =
∞∑
n=0
(−1)nβn(k)
νn
, ν → +∞, (A5)
where βn(k) are monic polynomials in k. Furthermore, β0(k) = 1 and for n ≥ 1,
βn(k) = k
n − (n− 1)p(α)kn−1 + lower degree terms. (A6)
Proof. We prove the result by induction in k. Observe first that d0 = 1 and for k ≥ 1,
dk
dk−1
= 1− 4p+ 1
k + ν
+
p
ν + k − 1/2 +
3p
ν + k + 1/2
= 1 +
∞∑
n=1
(−1)n (4p+ 1)k
n−1 − p(k − 1/2)n−1 − 3p(k + 1/2)n−1
νn
=
∞∑
n=0
(−1)n γn(k)
νn
,
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where
γ0(k) = 1 and γn(k) = k
n−1 − p(n− 1)kn−2 + . . . for n ≥ 1.
Therefore, by assumptions,
dk =
(
∞∑
m=0
(−1)m βm(k − 1)
νm
)(
∞∑
n=0
(−1)n γn(k)
νn
)
=
∞∑
r=0
(−1)r ζr(k)
νr
,
where
ζr(k) =
∑
m+n=r
βm(k − 1)γn(k).
For r ≥ 1 we have
ζr(k) = βr(k − 1) + γr(k) +
∑
m+n=r
0<m,n<r
βm(k − 1)γn(k)
= kr − (p+ 1)(r − 1)kr−1 + . . .
+
∑
m+n=r
0<m,n<r
{(k − 1)m − p(m− 1)(k − 1)m−1 + . . .}{kn−1 − p(n− 1)kn−2 + . . .}
=
∑
m+n=r
{km − (pm− p+m)km−1 + . . .}{kn−1 − p(n− 1)kn−2 + . . .}
= kr − (p+ 1)(r − 1)kr−1 +
 ∑
m+n=r
0<m,n<r
kr−1
+ lower degree terms
= kr − (p+ 1)(r − 1)kr−1 + (r − 1)kr−1 + lower degree terms
= kr − p(r − 1)kr−1 + lower degree terms,
and the assertion follows. 
Corollary 1: The asymptotic expansion of ∇ndk is given by
∇ndk = (−1)
nn!
νn
(
1 +
np− (n+ 1)(k − n/2)
ν
+O(ν−2)
)
, ν → +∞, (A7)
where p ≡ p(α) = 14α(α − 2).
Proof. It is sufficient to observe that ∇nkr = 0 for r < n,
∇nkn = (−1)nn! and ∇nkn+1 = (−1)nn!(k − n/2). 
Corollary 2: The asymptotic expansion of fk(ν) is given by
fk(ν) =
k!
(2ν)k
(
1− k(k + 3 + 2α(2 − α))
4ν
+O
(
1
ν2
))
. (A8)
Proof. Just use Corollary 1 in (A4).
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Appendix B: Table of convergence of the asymptotics of 〈rα〉 and 〈pα〉
In this table it is shown the rate of convergence for the position and momentum expectation
values of the D-dimensional hydrogen state (n = 2, l = 0) at large D to the known exact values
given in (32), (42), (11) and (22), respectively.
D α 〈rα〉asymp 〈pα〉asymp 〈rα〉exact 〈pα〉exact
50 1.00199 1.
250 0 1.00199 1. 1 1
500 1.00199 1.
50 686. 0.0388 612.5 0.0380789
250 1 15936.. 0.007952 15562.5 0.00792065
500 63123.5. 0.003988 62375. 0.00398008
50 484375. 0.0016 365766. 0.00153787
250 2 2.55859 · 108 0.000064 2.41176 · 108 0.0000634911
500 4 · 109 0.000016 3.88267 · 109 0.0000159362
50 0.0016 27.25 0.00160064 27.7927
250 -1 0.000064 127.25 0.000064001 127.758
500 0.000016 252.25 0.0000160001 252.754
TABLE I: Rate of convergence of the asymptotic expectation values in terms of D for the hydrogen
(Z = 1) state with n = 2 and l = 0.
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